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A Heavy Quark-Antiquark Pair in Hot QCD
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Institut für Theoretishe Physik, Universität Heidelberg,
Philosophenweg 19, D-69120 Heidelberg, Germany
Thermodynamis of a heavy quark-antiquark pair in SU(3)-QCD is studied both
below and above the deonnement ritial temperature Tc. In the quenhed ase,
a model of the string passing through heavy valene gluons yields a orret estimate
of Tc and the ritial behavior of the string tension below Tc. For two light avors,
entropy and internal energy below Tc an be obtained from the partition funtion of
heavy-light mesons and baryons. To alulate the free energy of the system above
Tc, we apply seond-order perturbation theory in the interation of the quark-gluon
plasma onstituents with the stati quark-antiquark pair. The results for the entropy
and internal energy, obtained both below and above Tc, are ompared with reent
lattie data.
I. INTRODUCTION
Reent RHIC experiments [1, 2, 3, 4℄ suggest that the quark-gluon plasma may be more
like a perfet liquid [5℄, where the mean free path of a partile is muh smaller than the inter-
partile distane. Values of the mean free path following from perturbative alulations [6℄,
however, are large. This makes perturbative approahes to the plasma questionable.
Lattie simulations of the quark-gluon plasma also need non-perturbative methods for
their explanation. For instane, it has reently been argued [7℄ that non-perturbative
hromo-eletri elds an desribe the singlet free energy of a stati quark-antiquark pair at
large distanes whih remains quite sizeable above the deonnement temperature Tc. Other
lattie data alling for a theoretial explanation are the anomalously large maxima of the
internal energy and entropy of the stati quark-antiquark pair in unquenhed QCD around
Tc [8℄ (see Ref. [9℄ for a review). Equally surprising is the rapid fall-o of these quantities
right after the phase transition. This paper aims to analyze what kind of nonperturbative
physis is neessary to understand these lattie simulations. We onsider three ases: In
nite-temperature quenhed QCD the QQ¯ system ontains many valene gluons [10, 11℄,
2whih may form a gluon hain. We demonstrate that the high entropy generated by this
objet gives a reasonable predition for the ritial behavior of the string tension near Tc.
In unquenhed QCD for T < Tc the QCD string may break and the produed light quark
and antiquark interat with the heavy QQ¯ pair to form mesons. In unquenhed QCD for
T > Tc the onstituents of the quark-gluon plasma interat via sreened gluon exhange with
the stati quark and antiquark. These three simple models are supposed to ath the main
physial aspets of the heavy-quark system in hot QCD. They annot represent a unied
piture due to their inherent approximations. By omparison with the lattie simulations
one sees how realisti the so obtained piture is.
The paper is organized as follows. In the next setion, we onsider quenhed SU(Nc)
QCD below Tc, alulate the partition funtion of a gluon hain, and make preditions for
Tc and the eetive string tension σ(T ). In setion III, using σ(T ), we alulate within
the relativisti quark model the partition funtion of heavy-light mesons and baryons. The
entropy and internal energy stemming from this partition funtion are ompared with the
orresponding lattie data. In setion IV, we alulate the interation energy of quarks,
antiquarks and gluons with the heavy quark-antiquark pair immersed in the plasma. We
impose that the plasma partile-number densities vanish at T = Tc. With this onstraint
implemented we alulate the hange of the entropy and internal energy in seond order
perturbation theory due to the quark and antiquark pair. Finally, we estimate ontributions
oming from possible light qq¯ otet bound states, whih may exist after deonnement. In
setion V, we summarize the main results of the paper.
II. STATIC QQ¯-PAIR WITH GLUONS AT T < Tc
The QQ¯-string whih sweeps out the at surfae of the orresponding Wilson loop is
produed by soft stohasti gluoni elds. In addition, utuations of the gauge eld exist,
whih lead to string vibrations. These utuations may be related to valene gluons through
whih the QQ¯-string passes. At asymptotially large QQ¯-separations onsidered here the
string passes through many valene gluons and forms a gluon hain [12℄. Further, the
energy of one string bit between two nearest gluons in the hain is onstant. As long as
the thermal mass of a valene gluon is smaller than this energy, gluons move together with
the string and do not aet the global dynamis of the string (see Fig. 1). However, at a
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Figure 1: Gluon hain for T < T0 where valene gluons move together with the string.
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Figure 2: Gluon hain for T > T0 where the valene gluons beome stati, but olor may hange
from one string bit to another.
ertain temperature T0 the gluon's thermal mass (∝ T ) beomes larger than the energy of
one string bit. From this temperature on, the system looks totally dierent, sine gluons
from the string's standpoint are now nearly stati. Therefore at T0 < T < Tc a gluon
hain beomes a sequene of stati nodes with adjoint harges, onneted by independently
utuating string bits (see Fig. 2). At the moment of formation of suh a hain, its end-point
originating from the heavy Q performs a random walk towards Q¯ over the lattie of stati
nodes. The entropy of suh a random walk turns out to be large, namely proportional to
its length, and eventually leads to the deonnement phase transition in this model. The
reason for a large entropy is that olor may alter from one node of the random walk to
another, i.e. every string bit may transport eah of the Nc olors. A similar piture has
been proposed by Greensite and Thorn [12℄ as a time ut of a large Wilson loop leading to
the above sequene of valene gluons arising from double lines of neighboring plaquettes.
Therefore, the total number of states of the gluon hain grows exponentially with its length,
L, as NL/ac , where a is the length of one bit of the hain.
4To quantify these onsiderations, let us begin with onsidering a free random walk, whih
is performed over a d-dimensional Eulidean hyperubi lattie (in our ase d = 4) with the
spaing a. At zero temperature, a walker, starting from the origin, arrives at a distane R
(R ≡ |R|, where R is a d-dimensional vetor) with the probability [13℄
P (s, R) =
1
(4πs)d/2
e−
R2
4s , (1)
where s is the proper time of the walk, i.e. s = a2 × (number of steps). The proba-
bility obviously obeys the onservation law
∫
ddRP (s, R) = 1 and the initial ondition
lim
s→0
P (s, R) = δ(d)(R). This probability is related to the proper-time representation of the
Green funtion (−∂2)−1R,0 =
Γ( d
2
−1)
4pid/2Rd−2
through
(−∂2)−1R,0 =
∫ ∞
0
ds
(4πs)d/2
e−
R2
4s . (2)
Let us generalize these formulae to temperatures below the temperature of dimensional
redution. The probability then depends also on the number n of a Matsubara mode. In the
same way as at zero temperature, it an be obtained from the proper-time representation of
the Green funtion (−∂2)−1R,0. Instead of Eq. (2), one has (xing from now on d = 4):
(−∂2)−1R,0 ≡
∑
n
∫ ∞
0
dsPn =
∑
n
∫ ∞
0
ds
(4πs)2
exp
[
−R
2 + (R4 − βn)2
4s
]
, (3)
where n in
∑
n
runs from −∞ to +∞, and β ≡ 1/T . Note that this representation an be
obtained diretly from (1) upon the deomposition R2 → R2+(R4− βn)2. In the form (3),
the probability obviously obeys the onditions∫
d4RPn(s,R) = 1, lim
s→0
Pn(s,R) = δ(3)(R)δ(R4 − βn),
whih are similar to those at zero temperature.
In ase of a heavy quark-antiquark system, the random walk is not free, as "the walker" is
attahed to the heavy quark Q by the onning string. The length of the string is L = s/a,
i.e. the number of steps s/a2 times the step size a. Aordingly, Eq. (3) beomes replaed
by the Green funtion of the onned walker:
G(R, T ) ≡∑
n
∫ ∞
0
dsPn(s,R)e−βσs/a =
∑
n
∫ ∞
0
ds
(4πs)2
exp
[
−R
2 + (βn)2
4s
− βσs
a
]
. (4)
Here we use Eq. (3) with R4 = 0, sine the quark and the antiquark at the ends of the
string are innitely heavy. We will also use the zero-temperature value of the string tension
σ = (440MeV)2.
5The full partition funtion of the random walk diers from this expression by the above-
mentioned entropy fator, N s/a
2
c , whih should be inluded in the s-integration. The expres-
sion for the partition funtion is thus
Z(R, T ) =∑
n
∫ ∞
0
ds
(4πs)2
exp
[
−R
2 + (βn)2
4s
− s
a
(
σβ − lnNc
a
)]
. (5)
Performing the s-integration, we obtain
Z(R, T ) = 1
4π2
√√√√1
a
(
σ
T
− lnNc
a
)∑
n
K1
(√
1
a
(
σ
T
− lnNc
a
)
(R2 + (βn)2)
)
√
R2 + (βn)2
,
where K1 is a Madonald funtion. Next, to get the stati QQ¯-potential, one should as usual
take the limit of asymptotially large QQ¯-separations, |R| → ∞. There, the Madonald
funtion falls o exponentially, for whih reason the sum an be approximated by its zeroth
term alone. Furthermore, sine the random walk is suppressed at T < T0, its free energy
vanishes at T = T0, and therefore Z(R, T ) should be normalized by the onditionZ(R, T0) =
1. The eetive string tension is then dened through the full free energy of the system,
whih is the sum of the usual linear potential and the normalized free energy of the random
walk:
σ(T ) = σ − T
R
ln
Z(R, T )
Z(R, T0)
∣∣∣∣∣
R→∞
= σ +
T√
a
√σ
T
− lnNc
a
−
√
σ
T0
− lnNc
a
 . (6)
An estimate for Tc now follows from the ondition that the argument of the rst square root
vanishes:
Tc
∣∣∣
Nc>1
=
σa
lnNc
. (7)
Equating Tc to the modern Nc = 3 lattie value [8, 9℄, 270 MeV, we obtain for the eetive
length of one string bit a ≃ 0.31 fm. This is larger than the minimal possible value of this
quantity, a = 0.22 fm  the so-alled vauum orrelation length [14℄, whih denes the onset
of a string-bit formation. As for the temperature T0, it an be dened from the ondition
σ(Tc) = 0, whih yields
T0 =
Tc
lnNc + 1
≃ 130MeV.
An important nding of our model is the behavior
σ(T ) ∼
√
Tc − T at T → Tc. (8)
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Figure 3: The ratio σ(T )/σ at Nc = 2 aording to Eq. (6) (full drawn urve) and Ref. [17℄ (dashed
urve).
The same ritial behavior follows from the Nambu-Goto model for the two-point orrelation
funtion of Polyakov loops [15℄.
Let us onsider the limiting ase when string bits annot alter olor, i.e. one should
formally set in Eq. (6) Nc = 1, that yields
σ(T ) = σ +
√
σT
a
(
1−
√
T
T0
)
.
The fundamental dierene of this limiting ase from the realisti one Nc = 3 is that here
σ(T ) ∼ (Tc − T ) at T → Tc. The orresponding value of the ritial exponent ν = 1 denes
the universality lass of the two-dimensional Ising model, whih by no means an be realized
in four-dimensional quenhed SU(Nc) QCD. The same linear fall-o of σ(T ) with (Tc − T )
one nds also in the Hagedorn phase transition and in the deonnement senario based
on the ondensation of long losed strings [5, 16℄. It omes as a mere onsequene of the
formula σ(T ) = σ − TS
R
with the entropy S ∝ R. For long strings the entropy is just the
logarithm of the number of possibilities to realize on a lattie with the spaing a a losed
trajetory of length L. Speially for a hyperubi lattie, the entropy is S = L
a
· ln(2d−1).
Therefore, the free energy of suh a losed string, F = σL − TS, vanishes at Tc = σaln(2d−1) .
Numerially, in d = 4 dimensions, Tc = 103MeV, that is by a large fator of 2.6 smaller
than the modern lattie value 270 MeV. The prinipal dierene of our alulation is that
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Figure 4: Entropy S(T ) of the stati QQ¯-pair in the SU(2) quenhed QCD at R = 1.5 fm and
temperatures lose to Tc ≃ 304MeV, alulated from Eq. (6).
we onsider the random walk between two dierent points, taking into aount the onning
fore between the nal and the initial points of the walk along its trajetory. These are the
two fats, whih eventually lead to a dierent ritial behavior. In onlusion of this setion,
we note that the idea to have a large entropy of the QQ¯-string in the viinity of Tc due to
the valene gluons has reently been mentioned in Ref. [7℄. However, the possibility that
this mehanism leads to deonnement has not been formulated in that paper.
It should nally be mentioned that, in the string models disussed in the previous para-
graph, as well as in the model developed in this paper, the free energy vanishes gradually
at T → Tc. Therefore, none of these models an desribe rst-order phase transition, whih
takes plae in SU(Nc) quenhed QCD at Nc ≥ 3. They only an desribe the phase transi-
tion in the SU(2) quenhed QCD, whih was studied on the lattie in Ref. [17℄. In that ase,
the mean-eld ritial exponent ν = 1/2, found in this paper and in Ref. [15℄, is hanged
to the 3d-Ising one, ν = 0.63. This makes our values of σ(T ) larger than those obtained
in Ref. [17℄. Using, similarly to that paper, the value Tc = 0.69
√
σ ≃ 304MeV, we plot in
Fig. 3 the ratio σ(T )/σ following from Eq. (6) at Nc = 2. In the same gure, we present a
urve interpolating the lattie data from Ref. [17℄. In Figs. 4 and 5, we plot entropy and
internal energy of the stati QQ¯-pair in the SU(2) quenhed QCD at R = 1.5 fm, alulated
from Eq. (6) by the formulae S(T ) = −Rdσ(T )
dT
, U(T ) = σ(T )R + TS(T ). These quantities
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Figure 5: Internal energy U(T ) in GeV of the stati QQ¯-pair in the SU(2) quenhed QCD at
R = 1.5 fm and temperatures lose to Tc ≃ 304MeV, alulated from Eq. (6).
read
S(T ) = σR
 β
2
√
σa(β − βc)
+ βc −
√
β − βc
σa
 and U(T ) = σR
1 + 1
2
√
σa(β − βc)
 ,
respetively. In these equations, we use the value σa ≃ 0.21GeV, whih stems from Eq. (7)
upon the substitution Nc = 2, Tc = 304MeV. This value of σa orresponds to a ≃ 0.21 fm,
whih is again larger than the vauum orrelation length in the SU(2) quenhed QCD,
0.16 fm [18℄. Both S(T ) and U(T ) have a singularity of the type (Tc − T )−1/2 at T → Tc.
This singularity is weaker than δ
(
Tc−T
Tc
)
, whih takes plae for the rst-order phase transition
at Nc ≥ 3.
III. STATIC QQ¯-PAIR WITH LIGHT QUARKS AT T < Tc
Let us now onsider unquenhed QCD with a heavy quark pair QQ¯ at large separation
(R ≥ 1.5 fm). Then the QQ¯-string breaks due to the prodution of a light qq¯-pair. The
subsequent hadronization proess leads to the formation of a heavy-light meson (Q¯q) or
a heavy-light-light baryon (Qqq), together with their antipartiles. We will alulate the
thermodynamis of these hadroni objets as a funtion of temperature. We onsider the
(Nf = 2)-ase, with light u- and d-quarks, and use the value Tc = 200MeV given in [19℄ in
9order to ompare with the orresponding unquenhed lattie simulations. Equation (7) then
yields an eetive value of a = 0.23 fm, whih is now used in Eq. (6) to determine σ(T ). For
a heavy-light meson, the Hamiltonian of the relativisti qQ¯-system is
HQ¯q = mQ¯ +
√
p2 +m2q + V (r) with V (r) = σ(T )r − (2− δ)
√
σ(T ). (9)
The parametermQ¯ denotes the heavy-antiquark mass, mq is the onstituent mass of the light
quark, mq ≃ 300MeV. The subtration of 2
√
σ(T ) in V (r) is known to be important to reah
agreement between the preditions of the relativisti quark model with the phenomenology
of meson spetrosopy [20, 21℄. An additional orretion δ
√
σ(T ) ensures that the mass of
the lowest state in our alulation orresponds to the lightest heavy-quark meson. We use
the D0-meson with mD0 = 1.864GeV and mQ¯ = mc = 1.48GeV to x the parameters of
our model.
The square root in the Boltzmann fator an be handled by integrating over an auxiliary
parameter:
exp
(
−β
√
p2 +m2q
)
=
2√
π
∫ ∞
0
dµ exp
(
−µ2 − β
2
4µ2
(
p2 +m2q
))
.
One then arrives at a 3d Shrödinger equation of the form
(−K~∇2 +M |x|)ψ(x) = Eψ(x),
where K and M are positive onstants of dimension [length] and [mass]2, respetively. Its
eigenenergies read [21℄
Enr ,l = αnr ,l (KM
2)1/3,
where αnr,l's are positive numbers with α00 ≃ 2.34. In alulating the partition funtion of
the heavy-light mesons (Q¯q and Qq¯) [21℄ we take their ground state into aount exatly
and model their higher eigenenergies by those of a 3d harmoni osillator with the frequeny
ω ≡ (KM2)1/3 =
(
βσ2(T )
4µ2
)1/3
.
This strategy works well for the lowest states, and higher states are Boltzmann-suppressed,
so the lak of auray does not matter so muh. Beause of the degeneray fator (n/2 +
1)(n+ 1) for the osillator, we have
Z2mes = 4Z2Q¯q
10
with
ZQ¯q =
2√
π
exp
(
−βmQ¯ + (2− δ)β
√
σ(T )
)
×
×
∞∑
n=0
(
n
2
+ 1
)
(n + 1)
∫ ∞
0
dµ exp
[
−(n + α00)βω − µ2 −
β2m2q
4µ2
]
. (10)
The partition funtion of two noninterating mesons is 4Z2Q¯q, where the fator 4 is a produt
of two avors and two spin states of the mesons beause the spins and isospins of the
produed q and q¯ are oupled to isospin 0 and spin 0 by string breaking. The mass mQ¯ of
the heavy antiquark is dropped in Eq. (10) in order to ompare our alulation with the
lattie data [19℄, whih simulate a heavy quark and antiquark by two Polyakov lines. Doing
the sum over n analytially, we arrive at the following result:
F2mes = −T ln 16
π
− (4− 2δ)
√
σ(T )− 2T ln
[∫ ∞
0
dµ exp
(
−µ2 − β
2m2q
4µ2
)
exp(−α00βω)
(1− exp(−βω))3
]
.
(11)
The remaining µ-integration is done numerially. The neessary value of the parameter δ to
reprodue the orret mD0 mass is δ = 0.354, whih an be obtained from the free energy F
in the limit T → 0. Entropy and internal energy an be alulated by the standard formulae
S = −∂F/∂T , U = F + TS. Note that, when alulating the entropy, the derivative ∂/∂T
should not at on the Hamiltonian in the partition funtion, sine otherwise the onsisteny
of the thermodynami relations would be violated.
It is also possible that string breaking generates a baryon and an antibaryon instead of
two mesons. The Hamiltonian for a baryon reads
HQqq = mQ +
2∑
i=1
(√
p2i +m
2
q + V (ri)
)
,
where we approximate the position of the baryon string juntion by the position of the heavy
quark Q, whih is legitimate due to the heaviness of Q. Sine the heavy quark Q is stati,
terms from the two light quarks separate and one an deal with this Hamiltonian similar to
the meson ase. The orresponding free energy of baryon and antibaryon reads
F2bar = −T ln 16
π2
− (8− 4δ)
√
σ(T )− 4T ln
[∫ ∞
0
dµ exp
(
−µ2 − β
2m2q
4µ2
)
exp(−α00βω)
(1− exp(−βω))3
]
.
(12)
For simpliity, we restrit ourselves to diquark quantum numbers with zero isospin and
zero spin. The parameter δ in the baryon alulation is adjusted so that the orresponding
ground state orresponds to the lightest harmed baryon Λ+c with m(Λ
+
c ) = 2.286GeV. The
11
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Figure 6: The alulated entropy S(T ) (full drawn urve) of two mesons and two baryons produed
by string breaking for a heavy Q and Q¯ at large separation (R ≥ 1.5 fm) is shown as a funtion of
T/Tc with Tc = 200 MeV. The stars show the lattie data [19℄ for the same QQ¯ onguration.
resulting value δ = 0.393 is not very dierent from δ = 0.354 obtained for the heavy-meson
system, therefore we use the averaged value δ = 0.37 in both ases.
Combining the ontributions to the partition funtion oming from mesons and baryons,
we have
F = −T ln(Z2mes + Z2bar) = −T ln
(
4Z2Q¯q + Z4Q¯q
)
. (13)
In Figs. 6 and 7, we plot the entropy and the internal energy orresponding to Eq. (13)
together with the orresponding lattie data [19℄. Here S(T ) and U(T ) mean the hange
in entropy and internal energy due to the presene of a heavy quark-antiquark pair in the
hadroni heat bath. The heat bath justies the alulation in the anonial ensemble in our
ase. The heavy Q and Q¯ and the two light q and q¯ from string breaking are the soures of
our mesons. Therefore we think that a omparison of our model alulation with the lattie
simulation is appropriate. The agreement is very good for the entropy, while the internal
energy oming from our alulations is smaller than the lattie results. Our urve is shifted
downwards by ∆U ≃ −0.5GeV ompared with the lattie simulations. Due to the simpliity
of our alulation the qualitative agreement is nevertheless good.
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Figure 7: The alulated internal energy U(T ) (full drawn urve) of two mesons and two baryons
produed by string breaking for a heavy Q and Q¯ at large separation (R ≥ 1.5 fm) is shown as
a funtion of T/Tc with Tc = 200 MeV. The stars show the lattie data [19℄ for the same QQ¯
onguration.
IV. STATIC QQ¯-PAIR WITH LIGHT QUARKS AT T > Tc
In this setion we onsider a heavy QQ¯ pair at temperatures T ≥ Tc, i.e. after deonne-
ment with free quarks and gluons present in the plasma. The heavy quark and antiquark
are immersed into this plasma at the points xQ and xQ¯ at large separation (R ≥ 1.5 fm).
The non-Abelian interation energy of a plasma onstituent a with the QQ¯ pair has the
following form:
Va(r) = CaQU(|r− xQ|) + CaQ¯U(|r− xQ¯|). (14)
Here, CaQ and CaQ¯ are the orresponding olor fators, namely produts of SU(3) generators,
whih are disussed in Appendix B, and the interation potential U(r) is given by a sreened
gluon exhange between the olored soures
U(r) = 4π
∫
d3k
(2π)3
αs(k, T )
k2 +m2D
eikr. (15)
For αs, we use a running oupling onstant at nite temperature T whih has been derived
in Ref. [22, 23℄
αs(k, T ) =
u1
k
T
1 + exp
(
u2
k
T
− u3
) +
13
+
v1(
1 + exp(v2
T
k
− v3)
)
ln
(
e +
(
k
Λs
)a
+
(
k
Λs
)b) . (16)
This running oupling inreases for small momenta k, has a maximum at k ≃ T and nally
dereases for k →∞.
The Debye mass is
mD =
√
Nc
3
+
Nf
6
gT with g =
√
4παs(mD, T ) ≃ 2.5. (17)
This g is determined from the selfonsisteny equation [22℄ with the running oupling.
The interation energy (14) is to be summed over all the N onstituents a of the plasma,
V(r1, . . . , rN) = ∑Ni=1 Vai(ri). The perturbative expansion of the free energy in lassial
thermodynamis reads (see [24℄)
F = F0 + FQQ¯ + 〈V(r1, . . . , rN)〉 −
1
2T
(
〈V2(r1, . . . , rN)〉 − 〈V(r1, . . . , rN)〉2
)
, (18)
where for eah operator
〈O(r1, . . . , rN)〉 = Tr1
(
N∏
i=1
∫
d3pid
3ri
(2π)3
)
O(r1, . . . , rN)eβ(F0−E0).
Here, FQQ¯ is the free energy of the interating heavy Q and Q¯, F0 is the free energy of the
quark-gluon plasma, and the rest desribes the interation of the plasma onstituents with
the QQ¯-pair. Tr1 denotes the trae over olor indies of the interating plasma onstituent
in the QQ¯ singlet state. The rst-order term 〈V (r1, . . . , rN)〉 vanishes due to olor neutrality
of the plasma, the seond-order term, however, yields a nonvanishing result and desribes
the various interations of the plasma onstituents with the QQ¯ singlet state. The respetive
olor fators an be alulated as produts of generators in the various representations of
SU(3). In seond order, only the diagrams with two interations of one plasma onstituent
with either Q or Q¯ or both of them are nonzero.
The energy of Nq light quarks, Nq¯ light antiquarks and Ng gluons is E0 =
∑N
i=1
√
p2i +m
2
i ,
where N = Nq +Nq¯ +Ng. Here the squared mass of quarks and antiquarks is [25, 26℄
m2q = m
2
q¯ = m
2
0 + 2gT
√
N2c − 1
16Nc
m0 + gT
√
N2c − 1
16Nc

(19)
and the kineti mass of gluons is given by m2g =
1
2
m2D [25, 26℄ at Nc = 3. We also use g = 2.5
as above and set the urrent quark mass to m0 = 30 MeV.
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Although our heuristi introdution used lassial statistis we will alulate in the follow-
ing the free energy in quantum statistis as it is appropriate. The zerothorder ontribution
F0 reads
F0 = −
∑
a=q,q¯,g
NaT ln
[∫
d3p d3r exp
(
−β
√
p2 +m2a
)]
= −∑
a
NaT ln
(
4πV Tm2aK2
(
ma
T
))
, (20)
where K2 is a Madonald funtion. The ontribution F0 of the quark-gluon plasma alone
without the heavy QQ¯ pair is subtrated in lattie alulations [9, 19℄. Therefore we will
also leave it out in our results.
The ontribution of the QQ¯-interation,
FQQ¯(R, T ) = −
4
3
αs
e−mDR
R
,
an be negleted beause it is of the order of a few MeV at large distanes R ≃ 1.5 fm.
The term 〈V2(r1, . . . , rN)〉 in Eq. (18) is assoiated with two interations of eah plasma
onstituent. The ontribution is the same for onstituents of the same kind:
F2 = − 1
2T
〈V2(r1, . . . , rN)〉
= − 2
πT
(
2
9
neffq +
2
9
neffq¯ +
1
2
neffg
) ∫
d3q
αs(q, T )
2
(q2 +m2D)
2
(
1− eiq(xQ−xQ¯)
)
(21)
(see Appendix C). In this equation, the olor fators cq = cq¯ = 2/9 and cg = 1/2 appear
multiplying the eetive densities neffa = N
eff
a /V of quarks, antiquarks or gluons, respetively.
Sine the heavy QQ¯ pair is olor neutral, the ontribution F2 vanishes, when the QQ¯ -
distane |xQ−xQ¯| approahes zero. The running of the oupling with temperature is ruial
for the strong derease of the entropy and internal energy with temperature. For a xed
value of αs we would have
F2 = − 1
2T
(
2
9
neffq +
2
9
neffq¯ +
1
2
neffg
)
α2s
4π
mD
(
1− e−mDR
)
, R = |xQ − xQ¯| = 1.5 fm, (22)
and the orresponding entropy and internal energy would derease with temperature even
slower.
The next step is to alulate the eetive densities, starting from the free ones. The
partile densities of free quarks and gluons are listed in Appendix D, and the results are
nq = nq¯ = 3TNf
m2q
π2
∞∑
n=1
(−1)n+1
n
K2
(
mq
T
n
)
,
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Figure 8: The alulated ratio Peff(T )/T
4
of Eq. (28) (full drawn urve) is shown in omparison
with the one from lattie simulations of Ref. [27℄ (dashed urve) for two light avors.
ng = 12T
m2g
π2
∞∑
n=1
1
n
K2
(
mg
T
n
)
. (23)
The full density is a sum of the three ontributions nq + nq¯ + ng. Connement requires
neffg,q,q¯(Tc) = 0, therefore we add a fator h(T ) in the eetive densities:
neffa (T ) = h(T )na (24)
with
h(T ) = 1− exp
(
−T − Tc
λ
)
. (25)
To obtain the parameter λ = 60MeV in h(T ), we have alulated the pressure orrespond-
ing to these eetive densities and ompared it with the pressure from lattie simulation in
Ref. [27℄. The grand anonial partition funtion from quarks, antiquarks and gluons has
the form:
lnZgrand =
∑
a
Da
V Tm2a
2π2
K2
(
ma
T
)
. (26)
Here, Da are the orresponding degeneray fators, Dq = Dq¯ = NcNf (2sq + 1) and Dg =
(N2c − 1)Np whih ontain Np = 3 as the number of polarizations of a massive gluon, and
sq = 1/2 as the spin of the quark.
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Figure 9: The alulated net entropy S(T ) at Nf = 2 (full drawn urve) of a QQ¯ pair at large
separation is shown as a funtion of T/Tc with Tc = 200 MeV. The entropy of the plasma without
the Q and Q¯ pair is subtrated. Our alulation is ompared with a funtion interpolating the
lattie data [9, 19℄ (dashed urve) for better visibility.
The pressure of free partiles
P =
T
V
lnZgrand =
6T 2
π2
(
2m2gK2
(
mg
T
)
+
Nf
2
m2qK2
(
mq
T
)
+
Nf
2
m2q¯K2
(
mq¯
T
))
(27)
would not vanish below Tc. To have a vanishing pressure at T = Tc, we also modify it by
the onnement fator h(T ). Massless quarks and gluons have the density n ∝ T 3 and the
pressure P ∝ T 4. Therefore, Peff(T ) is approximately suppressed by the fator h(T )4/3:
Peff(T ) = h(T )
4/3 · 6T
2
π2
(
2m2gK2
(
mg
T
)
+
Nf
2
m2qK2
(
mq
T
)
+
Nf
2
m2q¯K2
(
mq¯
T
))
. (28)
In Fig. 8, we plot the ratio P (T )/T 4 from Ref. [27℄ and the ratio Peff(T )/T
4
from Eq. (28).
In the seond-order free energy F2, Eq. (22), we inlude the eetive densities n
eff
a ,
Eq. (24), modied by h(T ). In Fig. 9 and Fig. 10, we have plotted the entropy S and the
internal energy U following from the standard thermodynami relations S(T ) = −∂F2/∂T
and U(T ) = F2(T ) + TS(T ) for two avors. For the ritial temperature we hoose Tc =200
MeV for two avors [19℄.
As one an see, S(T ) and U(T ) above Tc are muh smaller than in Refs. [9, 19℄. We
observe a dierene ∆U ≃ −0.5GeV for temperatures larger than 1.1Tc between our values
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Figure 10: The alulated net internal energy U(T ) in GeV (full drawn urve) of a QQ¯ pair at large
separation is shown as a funtion of T/Tc with Tc = 200 MeV. The internal energy of the plasma
without the Q and Q¯ pair is subtrated. Our alulation is ompared to a funtion interpolating
the lattie data [9, 19℄ (dashed urve) for better visibility.
of the internal energy and those of the lattie data, similarly to the result of the unquenhed
alulation at T < Tc. The trend from the lattie simulations that S(T ) and U(T ) derease
with T , is also seen here. For the ase of three quark avors, we show the results in Figs. 11,
12. The alulation of the entropy for three avors is lose to the one for two avors. A sim-
ilar result is obtained in the lattie simulations. However, there is one qualitative dierene:
Near Tc two avor lattie simulations give a larger S(T ) and U(T ) than simulations with
three avors. Our alulation yields opposite results. They arise from the avor dependene
of the densities and the Debye mass, whih partially anel and lead to an approximate
independene of S(T ) and U(T ) on the number of avors.
We an enhane the internal energy and entropy by modifying our system in suh a way
that all quarks and antiquarks are bound in olor-otet states and interat as suh with the
QQ¯-pair [28℄. This yields an estimate for the inuene of bound states on our alulations.
For simpliity we assume that the qq¯ bound states have a mass of 2mq. The orresponding
degeneray fator is now (N2c − 1)N2fNs = 16N2f (Ns = 2 for spin 0 or 1). Therefore, the
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Figure 11: The alulated net entropy S(T ) at Nf = 3 (full drawn urve) of a QQ¯ pair at large
separation is shown as a funtion of T/Tc with Tc = 193 MeV. The entropy of the plasma without
the Q and Q¯ pair is subtrated. Our alulation is ompared with a funtion interpolating the
lattie data [9, 19℄ (dashed urve) for better visibility.
density is given as (f. Eq. (23))
nqq¯ =
32
π2
TN2fm
2
q
∞∑
n=1
1
n
K2
(
2mq
T
n
)
. (29)
As before, we obtain the eetive density through the multipliation by ĥ(T ), where the
onstant λ̂ is again tted to reprodue the pressure, similarly to Eq. (28). This yields
λ̂ = 80 MeV for two avors. The olor fator cqq¯ = 1/2 is the same as for gluons, and one
an again determine entropy and internal energy from Eq. (21). These quantities are shown
in Figs. 13 and 14.
In the viinity of Tc the entropy remains smaller than in the lattie alulations, but for
higher temperatures it is in good agreement with the lattie data. In ontrast, the internal
energy is not very muh dierent from the one without qq¯ bound states. This shows that our
alulation of the internal energy in seond order perturbation theory is not hanged very
muh by the presene of bound states in ontrast to the otherwise [28, 29, 30℄ important
eets of bound states in the quark-gluon plasma.
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Figure 12: The alulated net internal energy U(T ) in GeV at Nf = 3 (full drawn urve) of a QQ¯
pair at large separation is shown as a funtion of T/Tc with Tc = 193 MeV. The internal energy
of the plasma without the Q and Q¯ pair is subtrated. Our alulation is ompared to a funtion
interpolating the lattie data [9, 19℄ (dashed urve) for better visibility.
V. SUMMARY
In the present paper, we have analytially addressed the thermodynamis of a stati
quark-antiquark pair at large separation R ≥ 1.5 fm in the viinity of the deonne-
ment phase transition. In quenhed QCD for T < Tc, the quark-antiquark string passes
through valene gluons and forms a gluon hain. We have derived the resulting temperature-
dependent string tension, Eq. (6), whih vanishes at the ritial point as
√
Tc − T . In un-
quenhed QCD, for T < Tc heavy-light mesons and heavy-light-light baryons are produed
due to string breaking. The internal energy and entropy of our alulation t quite well the
orresponding lattie data. Finally, we have alulated the interation energy for T > Tc in
unquenhed QCD of the Debye-sreened stati quark-antiquark pair with the onstituents
of the plasma in seond order thermodynami perturbation theory. The hange of the free
energy depends on the eetive density of quarks and gluons in the plasma, whih has been
onstrained to vanish at T = Tc and is adjusted in suh a way that the pressure ts the one
in lattie QCD for Nf = 2. The entropy and internal energy of the model alulation dier
from the lattie data. The large entropy near Tc annot be reprodued. The internal ener-
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Figure 13: The alulated net entropy S(T ) (full drawn urve) of a QQ¯ pair at large separation
interating with qq¯ bound states and gluons is shown as a funtion of T/Tc with Tc = 200 MeV.
The entropy of the plasma without the Q and Q¯ pair is subtrated. Our alulation is ompared
to a funtion interpolating the lattie data [9, 19℄ (dashed urve) for better visibility.
gies U(T ) alulated for the heavy QQ¯ pair are in both ases T < Tc and T > Tc by about
0.50.6 GeV lower than in the lattie simulations. The trend of a falling S(T ) and U(T ) with
inreasing T is also seen in our model alulation. The heavy QQ¯-pair, immersed at large
separation in the quark-gluon plasma, beomes less and less relevant at higher temperatures.
Finally, the inuene of possible qq¯ bound states on our alulations has been estimated.
Qualitatively, they do not hange our results very muh. If one wants to answer the question
whether the hot QCD system is strongly interating, our answer is twofold: Below Tc the
gluoni string and the exited hadroni states denitely represent strongly interating om-
posite systems. Above Tc we have the sreened olor Coulomb-potential with its strength
enhaned by the running QCD-oupling. The resulting alulated entropy, however, annot
fully reprodue the entropy from lattie simulations. At large temperatures the agreement
beomes better. Surprisingly the internal energy of the simplied alulation and the lattie
simulations do not onverge. This divergene should be investigated more thoroughly.
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Figure 14: The alulated net internal energy U(T ) in GeV (full drawn urve) of a QQ¯ pair at
large separation interating with qq¯ bound states and gluons is shown as a funtion of T/Tc with
Tc = 200 MeV. The internal energy of the plasma without the Q and Q¯ pair is subtrated. Our
alulation is ompared to a funtion interpolating the lattie data [9, 19℄ (dashed urve) for better
visibility.
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Appendix A: COMPUTATION OF THE SUM FOR THE THREE-DIMENSIONAL
HARMONIC OSCILLATOR
The sum over n is omputed by means of the formula
∞∑
n=0
n exp(−λβωn) = − 1
βω
d
dλ
∞∑
n=0
exp(−λβωn) = − 1
βω
d
dλ
1
1− exp(−λβω) (A1)
for the geometri series. Therefore, every fator of n in the sum an be replaed by − 1
βω
d
dλ
,
and we have
∞∑
n=0
(
n
2
+ 1
)
(n+ 1)e−λβωn =
(
1
2(βω)2
d
2
dλ2
− 3
2βω
d
dλ
+ 1
) ∞∑
n=0
e−λβωn
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Figure 15: Interation of q and Q in seond order
=
1
(1− exp(−λβω))3 . (A2)
Appendix B: COLOR FACTORS
We shall disuss the olor struture of the interation term and the orresponding olor
fators here. As mentioned in the main text, the symbol CaQ arries the olor indies of the
interating plasma onstituent a and both Q and Q¯. In the rst order, the diagrams are
proportional to Tr1C
aQ
(or Tr1C
aQ¯
, respetively), where CaQ is a produt of the generators
in the representations of the onstituent a and Q. For example, CqQ = tanmt
aQ
ji δlk. Now, the
eet of Tr1 is that rst order diagrams are proportional to the trae of the generator in the
orresponding representation of the interating onstituent a, whih vanishes. Therefore,
rst-order diagrams do not ontribute.
For the relevant seond order, we have squares of these olor strutures. Let us disuss
this in more detail for one example and nd the orresponding olor fator. Therefore we
onsider a quark q from the plasma, interating two times with Q and assume one-gluon-
exhange (see Fig. 15).
The olor struture is
CqQip lrmoC
qQ
pj rk on = t
a
omt
aQ
pi δlrt
b
not
bQ
jp δrk, (B1)
where the indies k, l and p orrespond to the Q¯ whih does not partiipate in this diagram.
Furthermore, ta are the usual SU(3) generators in fundamental representation. With the
use of taijt
a
kl = 1/2(δilδjk − 1/3δijδlk) we an simplify this to
1
2
δkl
(
5
9
δijδmn − 1
3
δjmδin
)
. (B2)
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Figure 16: Interation of a gluon with Q in seond order
As we want to disuss only the QQ¯ singlet state here, we have to apply the projetion
operator [31℄
(PQQ¯1 )ji,lk =
1
9
δjiδlk − 2
3
taji(−talk)T . (B3)
This yields the result 2/9 δmn. A fator of 3, oming from the trae in Eq. (18), is taken into
aount for the densities (23). Therefore it should not be ounted twie. There are other
diagrams in seond order, namely interation of q with Q¯, q¯ with Q and q¯ with Q¯ whih give
the same result of 2/9. However, there are also diagrams, where a quark q interats with
both Q and Q¯ or an antiquark interats with both Q and Q¯. These diagrams have an odd
number of interations in the 3¯ representation and therefore reeive a relative minus sign.
For the gluons basially the same happens. There is one diagram ontaining two inter-
ations of a gluon with Q and the same for Q¯. In addition, there are two diagrams for
interations both with Q and Q¯ whih have a relative minus sign for the same reasons as
above. As gluons are in adjoint representation, we have to use the orresponding generators.
Let us again onsider an example, where a gluon interats twie with Q (see Fig. 16). The
olor struture reads
CgQir kp acC
gQ
rj pl ce = t
bQ
ri δkpif
bactdQjr δplif
dce. (B4)
With the immediate use of the projetion operator for the QQ¯ singlet state and the Casimir
operator in adjoint representation fabcf ebc = 3δae, one nally gets 1/2δae. Again, the trae
over olor indies of the gluon was taken into aount for the densities and should not be
ounted twie.
Diagrams whih ontain interations of two plasma onstituents do not ontribute in
seond order beause they are produts of rst-order diagrams whih vanish.
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Appendix C: CALCULATION OF THE SECOND ORDER F2
We now alulate the relevant seond order for the free energy
F2 = − 1
2T
〈V2(r1, . . . , rN)〉. (C1)
As we disussed before, only terms in the square whih ome from one plasma onstituent
a ontribute. This yields
〈V2(r1, . . . , rN)〉 = 1
V
N∑
i=1
ci
∫
d3ri
2α2s
(
exp(−mD|ri − xQ|)
|ri − xQ|
)2
−2αs exp(−mD|ri − xQ|)|ri − xQ| αs
exp(−mD|ri − xQ¯|)
|ri − xQ¯|
]
. (C2)
Here, V is a three-dimensional volume (oming from F0) whih will be absorbed in the
densities. While the rst term omes from the Yukawa potential squared, the seond term
orresponds to the mixed term of the square. With the use of Fourier transformation, we
an proeed to (di = r− xi)
−2(4π)2
∫
d3ri
d3q1
(2π)3
d3q2
(2π)3
αs(q1, T )
exp(iq1dQ)
(q21 +m
2
D)
2
αs(q2, T )
exp(iq2dQ¯)
(q22 +m
2
D)
2
= −4
π
∫
d3qαs(q, T )
2 exp(iq(xQ − xQ¯))
(q2 +m2D)
2
(C3)
for the seond term and
2
∫
d3ri
(
αs(|ri − xQ|, T )exp(−mD|ri − xQ|)|ri − xQ|
)2
=
4
π
∫
d3q
αs(q, T )
2
(q2 +m2D)
2
(C4)
for the rst one. The sum beomes trivial for eah speies of plasma onstituents and an
be written as
∑
a caN
eff
a . With N
eff
a /V = n
eff
a one an then introdue the densities here.
Altogether we have
F2 = − 1
2T
〈V 2(r1, . . . , rN)〉
= − 2
πT
∑
a
can
eff
a
∫
d3q
αs(q, T )
2
(q2 +m2D)
2
(
1− eiq(xQ−xQ¯)
)
. (C5)
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Appendix D: COMPUTATION OF THE DENSITY OF FREE RELATIVISTIC
PARTICLES
We want to alulate the density of free relativisti partiles for quarks (fermions) and
gluons (bosons). It has the form
na = Da
∫
d3p
(2π)3
1
exp(βE0)± 1 (D1)
where a stands for q, q¯ or g, E0 =
√
p2 +m2a, and Da is the degeneray fator. Expliitly,
this fator is (N2c − 1)Np = 8 · 3 = 24 (due to olor and polarization) for (massive) gluons
and NcNf (2sq + 1) = 3 ·Nf · 2 = 6Nf (due to olor, avors and spin) for quarks.
Let us begin with quarks. The denominator an be rewritten by means of the geometri
series:
1
exp(βE0) + 1
=
1
exp(βE0)
1
1 + exp(−βE0) = e
−βE0
∞∑
n=0
(−1)ne−βnE0. (D2)
Next, we an use the general formula∫ ∞
0
da√
πa
e−m
2a−R2
4a =
e−mR
m
(D3)
to obtain
nq = 12Nf
∞∑
n=1
(−1)n+1
∫
d3p
(2π)3
e−βnE0
= 12Nf
∞∑
n=1
(−1)n+1
∫ d3p
(2π)3
∫ ∞
0
da√
πa
exp
(
−a− β
2n2(p2 +m2q)
4a
)
. (D4)
The integral over p is now Gaussian and gives 1
(2pi)3
(
2
√
pia
βn
)3
. With the use of the formula
∫ ∞
0
dttα−1 exp
(
−γt− δ
t
)
= 2
(
δ
γ
)α/2
Kα(2
√
γδ), Re γ > 0, Re δ > 0, (D5)
we get the nal result
nq = 3NfT
m2q
π2
∞∑
n=1
(−1)n+1
n
K2
(
mq
T
n
)
. (D6)
The same result will appear for antiquarks, with mq¯ instead of mq. For gluons (bosons)
with the thermal mass mg the omputation is nearly the same. Due to the minus sign in
the denominator of (D1), the fator (−1)n does not appear (and, of ourse, the fator of
degeneray is hanged). We have
ng = 12T
m2g
π2
∞∑
n=1
1
n
K2
(
mg
T
n
)
. (D7)
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